We analyze the length, mass and spatial distribution of a discretized transverse string in D ⊥ dimensions with fixed end-points near its Hagedorn temperature. We suggest that such a string may dominate the (holographic) Pomeron kinematics for dipole-dipole scattering at intermediate and small impact parameters. Attractive self-string interactions cause the transverse string size to contract away from its diffusive size, a mechanism reminiscent of the string-black-hole transmutation. The string shows sizable asymmetries in the transverse plane that translate to primordial azimuthal asymmetries in the stringy particle production in the Pomeron kinematics for current pp and pA collisions at collider energies.
string. In section 4 we investigate the effects of attractive self-interactions between the string bits using the Feynman variational principle both in flat and effectively curved D ⊥ . In section 5 we detail numerically the geometrical and angular deformations of the string for single and multiple but interacting string exchanges. Our conclusions are in section 6.
II. DISCRETIZED FREE TRANSVERSE STRING
Scattering of dipoles in the pomeron kinematics with a large rapidity interval χ = ln(s/s 0 ) and fixed impact parameter b is dominated by a closed t-channel string exchange. In leading order in χ, the exchange amplitude can be shown to be that of a free transverse string at fixed Unruh temperature T = a/2π with the mean world-sheet acceleration a = χ/b [17, [21] [22] [23] 50] . The free transverse string with fixed end-points in D ⊥ dimensions is characterized by the scalar Polyakov action
with the end-point condition
The string tension is σ T = 1/(2πα ) with α = l 2 s . For simplicity, we will set 2l s ≡ 1 throughout and restore it by inspection when needed. The purpose of the present work is to show how a a fixed end-point string with a high multiplicity content behaves both in flat and effectively curved space-time. In particular its spatial size and deformation near its Hagedorn point as a way to model dipole-dipole collisions in the hot Pomeron regime. Initial geometrical string deformations maybe the source of large prompt azimuthal deformations in the inelastic channels and for high multiplicity events.
The transverse free string (2.0.1) can be thought as a collection of N string bits connected by identical strings [51, 52] . The transverse Hamiltonian follows from (2.0.1) canonically. Using the mode decompostion for the amplitudes x In its ground state, each of the discretized string bit coordinates X i n is normally distributed with probability |Ψ(X i n )| 2 . This gives rise to a random walk of the string bits along the chain in the transverse direction with fixed end-points. This is also true for the continuum with Ω n → n. The ground state energy is
and the string transverse squared size is
In a recent analysis we have identified the string resolution as N ≡ 1/x with x the fraction of wee-parton momentum carried by the string bits. We have further suggested that the holographic string with self-interactions provide a mechanism of saturation that borrows on the mechanism of black-hope formation in fundamental strings as advocated by Susskind and others [42] [43] [44] . We refer to these strings as cold strings with quantum or zero-point effects as dominant. The classical or Hagedorn regime of the string is the one we would like to develop here as a microscopic mechanism for the high multiplicity events in dipole-dipole scattering and ultimately in pp and pA scatterings.
III. FREE STRING AT FINITE TEMPERATURE
To describe the string close to its classical or Hagedorn point, we introduce an effective temperature 1/β which is conjugate of the squared and normal ordered mass operator [43] [44] [45] ,
with the standard commutators a
All expectation values at finite 1/β will be carried using the density matrix e −β:H ⊥ : /Z ⊥ , with the transverse partition function
This is a micro-canonical description of a single thermal string. In practical terms, it corresponds to string bits X i n normally distributed with
The squared mass is then 2M
and its squared transverse size is
where · · · is the expectation value carried using the density matrix. The effective entropy is
which can be recasted using the Hagedorn temperature 1/β H
after re-instating the string unit with M ⊥ /l s → M ⊥ . Below the value of 1/β will be fixed by fixing the mass or the entropy of the thermal string. We note that for large 1/β the string behaves classically with dwarfed quantum or zero point contributions. Hence the normal ordering. To make contact with physical observables, we identify S ⊥ with the prompt multiplicity and approximate it with the final charge multiplicity N ch (upper bound). For a single string exchange
Throughout, high temperature means β 1 and classical means N β 1. Analytically, we will take N → ∞ and fix β 1. Numerically, the best we can do is set N = 500 which fixes the range β ≈ (0.1, 0.02), since β ≤ 0.1 is small and N β ≥ 10 is large. For a single string this translates to a charge multiplicity N ch in the range (13, 66 ). In Fig. 1 and Fig. 2 we show a single string for a fixed distance b = 5 ≡ 10l s ≈ 1 fm with charge multiplicity N ch = 13 and N ch = 66 respectively. The left figure is the string projected in the transverse spatial plane, while the right figure is the string in the holographic but flat D ⊥ = 3 dimensions. The effects of the warping in the holographic direction will be discussed below.
pp and pA scattering in the holographic context may involve more than a single string exchange [18, 20, 21] . Multiple string exchanges involve colder strings in their diffusive regime with a higher multiplicity. For 5 and 10 multiple string exchanges, the charge multiplicity N ch is in the range (66, 329) and (132, 658) respectively. In Fig. 3 (left) we display 5 strings with β = 0.1 or a charge multiplicity of N ch = 66. In Fig. 3 (right) we display 10 strings with β = 0.1 or a charge multiplicity of N ch = 132. Fig. 4 is the same as Fig. 3 but with β = 0.02 or N ch = 329 for 5 strings and N ch = 658 for 10 strings.
IV. THERMAL STRING WITH SELF-INTERACTIONS
We now follow our recent analysis for the cold string in [9] and explicit the string self-interaction by assuming it to be dominated by the two-body string bits interactions mediated by a static exchange in D ⊥ + 2 dimensions. Specifically,
where M ( x k ) is the mass of the discrete point at x k . The exchange is generic and is parameterzed with an attractive coupling g and a mass m. In holographic QCD, the exchanged mass is that of the lowest scalar [8, 53, 54] . Thoughout, we will set m = 0 as any finite m can be re-absorbed into a re-definition of the coupling and use g as a parameter. The interacting Hamiltonian is now
The partition function for the interacting string is now formally given by
where the averaging is carried using a complete set of free harmonic oscillators with trial frequencies ω n instead of the free frequencies Ω n . This corresponds to the interacting string bits X i n normally distributed with
To estimate (4.0.2) we will use the Feynman variational principle [55, 56] 
In leading order in the interaction the squared mass and size of the interacting string are given by
The discretized string mass distribution M ( x k ) −→ M ⊥ /N + 1 so that the averaged pair-interaction reads
where we have exponentiated the averaging and then used the quadratic nature of the distributions. Since the position of the string bits are normally distributed, we can carry the averaging in the exponent explicitly. The result is
We note that (4.1.8) is overall similar to the result established in [9] , except that now both M ⊥ , R ⊥ are implicit functions of the effective temperature 1/β. Inserting (4.1.9) back into (4.1.4) shows that for the interacting string the free energy is bounded from below
The bound in 4.1.10 is parametrized by the set of frequencies ω n which are fixed variationally through
To find the lower bound in (4.1.11) is in general involved. However, at high temperature the contributions simplify
So in leading order in 1/β or close to the Hagedorn temperature, the lower bound in (4.1.11) is reduced to finding ω n which are solutions to
Thus ω
Since M ⊥ , R ⊥ in (4.2.15) involve ω n implicitly, the evaluation of η follows iteratively using numerical analysis.
In Fig. 5 we show the string shape for an interacting string with fixed end-points b = 5 = 10l s , an effective temperature parameter 1/β = 1/0.1 or a charge multiplicity of N ch = 66, and a coupling g = 0.6. On the right the string is displaced in D ⊥ = 3 dimensions with a flat holographic direction. On the left, we show the same string projected on the 2 transverse spatial directions only. Fig. 6 is the same as Fig. 5 with the exchange of 5 strings and 10 strings with g = 0.6.
In Fig. 7 (right) the single string mass versus the charge multiplicity N ch following from (4.1.6) is shown for a string at high resolution with N = 500 and different attractive couplings. In Fig. 7 (left) the transverse size R ⊥ versus √ N ch following from (4.1.7) for the same string parameters. We note that the attraction does not change the mass or entropy, but does cause the string to contract transversally away from its free diffusive thermal expansion. In Fig. 8 we show the transverse size versus the string mass (also entropy) or R ⊥ as given by (4.1.7) versus M ⊥ as defined in (4.1.6). The lines in Fig. 8 (right) corresponds to
and in overall agreement with the schematic analysis of the variational result in (4.4.20) . The latter suggests a first order transmutation to a black-hole for sufficiently strong and attractive self-string interactions. (4.3.16) shows that weak coupling but high temperature means 0.012g 2 M ⊥ < 1. Since for most of our analyses we use M ⊥ < 100, this corresponds to g < 1, hence our choices of g = 0.4, 0.5, 0.6. For completeness, the length of the string L defined as
versus M ⊥ (4.1.6) and R ⊥ (4.1.7) with the resolution N = 100 for different coupling strengths g are displayed in Fig. 9 (left) and Fig. 9 (right) .
D. Schematic Analysis
An understanding of the self-interacting string in the Hagedorn regime follows from the variational minimization of the free energy above. Here we note, that for no self-interaction or g = 0, the classical diffusive growth noted in (3.0.5) follows from the fact that the kinetic term in the transverse Hamiltonian (2.0.4) scales like 1/R 2 by the uncertainty principle and does not favor short strings, while the confining harmonic term in (2.0.4) does not favor long strings and scales like R 2 . This trade-off is captured by minimizing the schematic free energy
dF 0⊥ /dR = 0 yields (3.0.5). Self-interactions in 2 + D ⊥ are holographically dual to the exchange of light excitations in bulk. As a result, (4.4.18) now reads
after dropping terms of order 1. dF ⊥ /dR = 0 now occurs for
undergoes a first order change into a fixed size string of few string lengths. The self-interacting string described variationally above begins its transmutation to a black-hole as illustrated by the present schematic analysis.
An exact treatment of the transverse string in curved AdS 5 space is beyond the scope of this work. In this section we will give simple estimates of the effects of the curvature of AdS 5 on some of our previous results. One of the main effect of the curved geometry on the Pomeron is to cause the string transverse degrees of freedom to effectively feel a reduced transverse spatial dimension [18, 21, 22, 50] 
with λ = g [57] . A phenomenological way to implement this effect is to add warping factors on the oscillators in (2.0.1) as we noted in our recent analysis [17] . This will be used in our numerical results to follow. A simple estimate follows from the substitution (4.5.21) in the schematic analysis. Indeed, the estimate in (4.4.19) shows that the first contribution reflects on the uncertainty principle which probes short distances and thus is not sensitive to the curvature of AdS 5 . The second diffusive contribution is sensitive through D ⊥ but will turn out to be sub-leading as we will show below. The third contribution is long ranged and senses the curvature of AdS 5 . Thus the string size shrinks and the transverse string size follows from balancing the first term with the last term due to the interaction. The balance between the self-interaction and the uncertainty principle, yields a continuously decreasing transverse string size
in units of the string length. A black-hole with a transverse string size emerges for g 2 M ⊥ ≈ 1. In Fig. 10 (right) we display the interacting string in the effectively curved space for λ = 40, D ⊥ = 3 and g = 0.6. In Fig. 10 (left) we display the transverse size of the interacting string in the effectively curved space versus M ⊥ . The dots are from the numerically simulated string, while the line is a fit to the schematic result (4.5.23) with
2 in a narrow range of M ⊥ .
V. ANGULAR DEFORMATIONS
The fluctuating string with fixed end-points exhibits large azimuthal deformations in the transverse plane that can be characterized by the azimuthal moment [8, 58] in the transverse plane, where x is parallel to the impact parameter b and y perpendicular to it,
where both string bit coordinates X n , Y n are normally distributed according to
Since (5.0.2) are themselves sum of random walks, they are both normally distributed according to 
For small b, the lowest moments reduce to
The numerical results of 2 and 4 with a maximum resolution of N = 500 are displayed in Fig. 11 . To show the transverse cross correlations it is also useful to use the cross moments [8, 58] ( n {2})
For the cross moments (flow), we can only do N = 100 (randomly generated strings). We use β ∼ (0.2, 0.05) such that β ≤ 0.2 and N β ≥ 5. For a single string exchange, the multiplicity range is N ch ∼ (7, 26), while for 5 strings N ch ∼ (35, 130) and 10 strings N ch ∼ (70, 260). To characterize the initial azimuthal deformation of the string bits in the transverse collision plane, we show in Fig. 12 the pdf distributions of 1000 randomly generated single strings at a resolution of N = 100 and a multiplicity of N ch = 7 with no self-interactions g = 0. The pdf shown are for the distributions in 2,3,4 respectively. We also show in Fig. 13 the pdf distributions of 1000 randomly generated single strings at a resolution of N = 100 with a multiplicity N ch = 7 undergoing string bit attractions with g = 0.6 in the mean-field approximation. Note the strong dipole deformation in the leftmost figure.
For completeness we show the behavior of the cross moments with the resolution N = 100 for a non-interacting and for an attractive string, in Fig. 14 and Fig. 15 respectively by sampling 1000 times a single string streched with b = 5 = 10l s . The attraction is set at g = 0.6. In a typical pp collision at collider energies, we expect to exchange about 10 such long strings [21, 22, 50] . In Fig. 16 and Fig. 17 we show the same cross moments following from the exchange of 5 typical strings streched at b = 5 sampled 200 times for non-interacting and attractive case respectively. The case where 10 string are exchanged is shown in Fig. 18 and Fig. 19 for the same arrangements of parameters with each 10 string event sampled 100 times.
VI. CONCLUSIONS
Holographic strings in walled AdS 5 provide a non-perturbative description of diffractive scattering, production as well as low-x DIS [22] . Although a key aspect of AdS 5 is its conformality which translates to the conformal character of QCD in the UV, the essentials of the walled AdS 5 construction for the holographic string with a large rapidity interval can be captured by a string with an effective transverse dimension 2 < D ⊥ < 3. The holographic Pomeron intercept follows from the zero point motion or Luscher term of the free transverse string with D ⊥ /12, and the Pomeron slope is fixed by the string tension.
Low-x physics in the holographic string set up corresponds to a string with higher zero point resolution, whereby the string bits play the non-perturbative analogue of the wee partons in perturbative QCD. A key aspect of the partonic description is Gribov transverse diffusion which arises naturally in the quantum string description as emphasized by Susskind and others [43] [44] [45] [46] . A new aspect of our recent study of the holographic string at low-x consists in the role played by the interactions between the string bits in 2 < D ⊥ < 3 and their role in producing a stringy mechanism for saturation [9] .
For strings exchanged at smaller impact parameters, the exponential increase in the string excited states dwarf the zero point fluctuations making the string essentially classical. We have used this observation to construct a micro-canonical description of a holographic string by introducing an effective temperature. Close to its Hagedorn temperature, the string carries large entropy and multiplicity and provides a possible and generic mechanism for large multiplicity events in hadronic collisions in the Pomeron kinematics.
In flat D ⊥ = 3 dimensions the free string close to its Hagedorn temperature carries large multiplicities and exhibits large transverse geometrical deformations mostly due to its transverse and classical diffusion. The large outgrowth of the string bits makes it ideal for a mean-field analysis of the string self-interactions. We have used the variational analysis to put a lower bound on the interacting string free energy and use it to detail its geometrical content. Selfinteractions cause the effectively thermal string to contract, a process typical of string-black-hole transmutation in fundamental string theory [4, 18, [39] [40] [41] [42] [43] [44] .
The geometry of the string bit distributions emerging from streched strings for small impact parameters is rich in structure and transverse deformation. We have presented a detailed study of its transverse moments and distributions for single and multiple string exchanges. These prompt and deformed distributions can be used to initialize the prompt parton distributions in current pp and pA collisions for the recently reported high multiplicity events by the LHC [1] [2] [3] . Our azimuthal and cross-moments provide a specific measure of the prompt asymmetries versus multiplicity. The holographic string close to its Hagedorn temperature maybe at the origin of the fire ball mechanism underlying the relevance of a hydrodynamical description in hot but small hadronic volumes [4] [5] [6] [7] [8] .
VII.VIII. APPENDIX A: EFFECTIVE TEMPERATURE
It was initially suggested in [4, 18] that at large √ s with a rapidity interval χ = ln(s/s 0 ) and a small impact parameter b, the Pomeron as a string exchange senses an Unruh temperature on the worldsheet 1/β = χ/2πb. The re-summed 1/b contributions in the Pomeron kinematics led to the concept of a critical Pomeron with a Nambu-Goto form for the string amplitude. The energy and entropy of the critical Pomeron were shown to be of the form [4, 18] 
Near the Hagedorn temperature S ≈ β H E with
A comparison of (8.0.1-8.0.2) with (3.0.4-3.0.6) suggests that the effective temperature 1/β introduced in section III can be identified with the critical Pomeron parameters as
which is a measure of how close the kinematical Unruh temperature is to the Hagedorn temperature in units of l s . We note that in curved space we have
Although we have used 1/β as a phenomenological parameter fixed by the energy/entropy and identified it through the net charge multiplicity of a dipole-dipole collision, (8.0.3) shows that microscopically it is fixed by the collision kinematics. For a fixed rapidity interval, (8.0.3) shows that the smaller the collision separation, the closer to the Hagedorn temperature.
IX. APPENDIX B: STRING VERSUS BLACK-HOLE
While our classical string is near its Hagedorn point, its squared size grows diffusively with its transverse mass. By letting the string self-interact, we can change both its mass M ⊥ → M ⊥ (g) and thus its size as suggested by Susskind and others [42] [43] [44] [45] 52] . In the process, we can adiabatically map the current hot string at its Hagedorn point with a black-hole in D ⊥ + 2 dimensions. For that we recall that for a Schwarchild black-hole the Bekenstein-Hawking relation for the entropy is
with the Planck scale G 5 = l
and the Schwarchild radius set by the condition
(9.0.1) and (9.0.2) map onto (3.0.7) for a critical string coupling g 2 s M ⊥ l s ≈ 1. To see this, we note that (9.0.1) can be re-written as
which is equivalent to (3.0.7) when the Schwarchild radius R ch → l s shrinks to few string lengths as gravity mediated self-interactions become weak through g
Specifically, the shrinking Schwarchild radius becomes
and its Bekenstein-Hawking entropy reduces to
both of which map on the string at the Hagedorn point provided that the string self-interaction can cause a reversal in the growth from a diffusive to a fixed and smaller size object. 
